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Topological phase transitions and the phase diagram of Haldane-Hubbard model are investigated
using the variational cluster approach. With increasing the interaction strength, there are two
successive topological phase transitions. The first is characterized by the closing and reopening of
the single particle gap with the Chern number changing its sign, while the second is featured by
the divergence of the topological Hamiltonian’s spectrum with the Chern number changing from a
non-zero integer to zero. The second topological phase transition is not accompanied with the single
particle gap closing but is associated with the zeros of the single particle Green’s function. Between
these two topological phase transitions, there exists a non-magnetic topological Mott insulating
phase with no gapless single particle edge states which cannot be adiabatically connected to any
non-interacting Chern insulator.
Nontrivial band topology has become one of the cen-
tral interests in modern condensed matter physics since
the discovery of topological insulator[1, 2]. Strong corre-
lations, which results in many exotic phenomena, such
as the factional quantum Hall effect[3] and high tem-
perature superconductivity[4], on the other hand, has
been a major topic of the community in the past several
decades. The interplay of these two ingredients leads to
more richer physics[5–13], and meanwhile, leaves many
important questions that are not fully answered, specif-
ically, what is the fate of the nontrivial band topology
when the system turns on strong electron-electron inter-
actions, does it survive the Mott transition or will it just
be destroyed by the correlations, and if there are topo-
logical phase transitions, how can one characterize it.
Previous works on the time reversal invariant Kane-
Mele-Hubbard model shows that the Z2 topology[14]
are destroyed by the Hubbard interaction, accompany-
ing with the closing and reopening of the single particle
gap in the bulk and the absence of gapless single par-
ticle states on the edge[8, 15]. Whereas another model,
the Haldane-Hubbard model[16–18], which breaks time
reversal symmetry, is likely to host nontrivial strongly
correlated phases. The mean field theory shows that
when the original topological gap is small, there is a
narrow window where both a non-zero Chern number
and the antiferromagnetic (AF) order with a small mo-
ment exist[16–18]. With further increasing the interac-
tion strength, the single particle gap closes and the sys-
tem undergoes a topological phase transition as a result
of the competition between the AF order and the origi-
nal topological gap. When the original topological gap is
large, the non-trivial topology may be directly destroyed
by a first-order transition to a canted magnetic ordered
phase without closing but leaving a discontinuous jump
of the single particle gap[17]. More sophisticated slave-
particle mean-field theories show that a gapped chiral
spin liquid phase or a Z2-double-semion-typed phase may
exist when the interaction strength takes intermediate
values[19–21]. Experimentally, the Haldane model has
been realized recently in cold-atom experiments using the
shaking lattice technique[22].
In this letter, using the variational cluster approach
(VCA)[23], we show that the nontrivial band topology
does survive the Mott transition in Haldane-Hubbard
model when the original topological gap is small but fi-
nite. However, different from previous works, we find
that the on-site Hubbard interaction drives the system
to undergo two successive topological phase transitions
rather than only one. The first is identified as the Mott
transition that the original topological band gap closes
and a new one reopens, accompanying with the change
of the sign of the system’s Chern number, and the sec-
ond occurs when the AF order is large enough to turn
the Chern number to zero without the closure of the sin-
gle particle gap but with a divergence of the topologi-
cal Hamiltonian’s spectrum. Remarkably, this divergence
coincides with the appearance of the zeros of the single
particle Green’s function. It turns out to be a realiza-
tion in a microscopic model that the zeros of the sin-
gle particle Green’s function marks the topological phase
transition[24]. Moreover, the AF order actually does not
form immediately after the Mott transition, leaving a
non-magnetic phase with a non-zero Chern number. We
thus identify this phase as a topological Mott insula-
tor (TMI). However, different from that proposed by S.
Raghu et. al.[25], this phase has no gapless single par-
ticle edge states so that it cannot be adiabatically con-
nected to any non-interacting band insulators with non-
zero Chern numbers. This fact indicates that we find
a new topological state of matter due to the presence of
the correlations between electrons. Finally, similar to the
mean field results, with the further increase of the inter-
action strength after the Mott transition, the AF order
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2sets in and coexists with non-trivial topology for a nar-
row window of parameters before the second topological
phase transition occurs.
The Haldane-Hubbard model is defined as H = H0 +
HU , where H0 is the model proposed by Haldane[26] on
the honeycomb lattice as shown in Fig. 1(a),
H0 = −t
∑
〈ij〉σ
c†iσcjσ − it′
∑
〈〈ij〉〉σ
νijc
†
iσcjσ − µ
∑
iσ
c†iσciσ
(1)
and HU is the Hubbard interaction,
HU = U
∑
i
ni↑ni↓ (2)
Here, 〈ij〉 and 〈〈ij〉〉 denote the nearest neighbor (NN)
and the next nearest neighbour (NNN) bonds, respec-
tively. νij = +1(−1) if the electron makes a left (right)
turn to get to the NNN site. µ is the chemical potential
and is so chosen as to make the system at half filling.
Others are in standard notation. Throughout this letter,
we use t as the energy unit. Due to the pure imagi-
nary NNN hopping it′, this model breaks the time rever-
sal symmetry locally and there exits non-homogeneous
flux in the honeycomb lattice but the total flux through
every single hexagon is zero. As a consequence, in the
non-interacting limit, the ground state of the system has
a non-zero Chern number and is a quantum anomalous
Hall insulator (QAHI) or a Chern insulator (CI).
VCA[23] is the variational version of cluster pertur-
bation theory (CPT)[27] while the latter is a quantum
cluster approach to calculate the single particle Green’s
functions for interacting many-body systems. In CPT,
the lattice is tiled into superlattice of clusters. The de-
coupled clusters are solved exactly and the inter-cluster
single particle terms are treated as perturbations. The
thermodynamic single particle Green’s function G(ω,k)
of the system is then obtained through an RPA-like equa-
tion:
G−1(ω,k) = G−10 (ω)− V (k) (3)
where G0(ω) and V (k) represent the exact cluster
Green’s function and the inter-cluster single particle
terms, respectively. CPT has the advantages that it
treats local spatial quantum fluctuations exactly in small
clusters and it can get the full momentum distribution of
the spectral function after the periodization[28]. How-
ever, due to the finite size effect, CPT alone cannot find
spontaneous symmetry breaking phases. Based on the
self-energy functional theory[29], VCA on the other hand,
is able to touch such phases, by taking the decoupled clus-
ters as the reference system and variating the grand po-
tential with respect to added Weiss fields. A symmetry-
breaking phase in VCA is reached if the grand potential
takes its minimum at a finite value of the corresponding
Weiss field.
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FIG. 1. (color online). (a) 6-site cluster tiling (the hexagon
enclosed by the green dashed lines) on honeycomb lattice used
for the calculations of bulk properties. A and B denote the
two inequivalent sites. The hopping amplitudes t, it′ and the
Hubbard interaction U of Haldane-Hubbard model are also
shown. (b) The first Brillouin zone (FBZ). (c) An illustra-
tion of tiling the armchair ribbon used for the calculations of
edge states. The superlattices (parallelogram with green solid
lines) are arranged periodically along the x direction. For il-
lustration, we only plot two clusters (separated by the green
dashed line) in each superlattice, while in the calculations
fifteen clusters are included.
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FIG. 2. (color online). Phase diagram of the Haldane-
Hubbard model. QAHI, TMI, TAFM and AFM denote quan-
tum anomalous Hall insulator, topological Mott insulator,
topological antiferromagnetic Mott insulator and antiferro-
magnetic Mott insulator, respectively. Stars mark the points
at which ∆Ω is plotted in Fig. 3(a) and the spectrum is plot-
ted in Fig. 4.
In interacting many-body systems, the single parti-
cle Green’s function is a useful tool to investigate the
topological properties[30–32]. Recently, it has been
proved that the zero-frequency single particle Green’s
function alone is sufficient to encode all the topologi-
cal information if the system has no non-trivial ground
state degeneracies[33]. Then the so-called topological
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FIG. 3. (color online). (a) ∆Ω as a function of hAF for
t′ = 0.2. Arrows indicate the positions of the minima, where
magnetic solutions are allowed. (b) The Chern number C,
the single particle gap ∆sp and the antiferromagnetic order
M as a function of U for t′ = 0.2. Uc1 = 4.60, Uc2 = 5.62
and Uc3 = 5.87 represent the first topological transition point,
the paramagnetic antiferromagnetic transition point and the
second topological transition point, respectively.
Hamiltonian[34], which is defined as,
Htopo(k) = −G−1(ω,k)
∣∣
ω=0
(4)
can be used to compute topological invariants. In this
letter, we use this quantity to calculate the Chern num-
bers.
The phase diagram of Haldane-Hubbard model is
shown in Fig. 2. We use the Chern number C, the single
particle gap ∆sp, and the AF moment M as the order pa-
rameters to determine the phases and their boundaries.
These order parameters are calculated using VCA on the
6-site-cluster-tiled superlattice as illustrated in Fig. 1(a).
This cluster not only preserves the point-group symme-
try of the Hamiltonian but also has zero net flux through
it, which makes it the best choice in the calculations.
There are four distinct phases separated by three phase
boundaries. The Chern number is 2 for QAHI, -2 for
TMI and TAFM, and 0 for AFM. The single particle
gap keeps non-zero except on the transition line from
QAHI to TMI. The AF moment is non-zero for TAFM
and AFM.
Take t′ = 0.2 as an example, let’s have a close look at
these order parameters. ∆sp and M are computed at the
minimum points of the grand potential Ω with respect
to the AF Weiss field: HAF = hAF
∑
i(−1)ηic†iασzαβciβ
where ηi = 0 or 1 when i ∈ A or B. In Fig. 3(a),
∆Ω = Ω(hAF ) − Ω(hAF = 0) at the stared points in
Fig.2 are shown. It is clear that for small Hubbard in-
teractions, ∆Ωs take their minima when hAF = 0, in-
dicating the system is in the paramagnetic state while
for large Hubbard interactions ∆Ωs reach their minima
when hAF is non-zero, meaning the AF moment has al-
ready formed. In Fig. 3(b), C, ∆sp and M are plotted
for a range of Hubbard interactions. With increasing U ,
it can be seen that ∆sp decreases linearly at first, gets to
zero at Uc1 , then increases linearly with a different ab-
solute value of the slope, and then encounters a second
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FIG. 4. (color online). Single particle spectra and the topo-
logical Hamiltonian’s spectra along the high symmetry path
in the FBZ calculated with (a)-(b) U = 4.00, hAF = 0, (c)-
(d) U = 4.60, hAF = 0, (e)-(f) U = 5.00, hAF = 0, (g)-(h)
U = 5.75, hAF = 0.0228, (i)-(j) U = 5.87, hAF = 0.0306, and
(k)-(l) U = 6.0, hAF = 0.0362. The values of hAF are de-
termined by the locations of ∆Ωs’ minima in Fig. 3(a). The
NNN hopping is fixed at t′ = 0.2.
change of the slope at Uc2 where the AF moment M de-
velops a non-zero value continuously. The Chern number
changes its sign at Uc1 but does not change immediately
after the AF order appears. On the contrary, the non-
trivial topology coexists with the AF order for a small
window of U . More exotically, there isn’t any singularity
of ∆sp and M at Uc3 where the Chern number changes
from -2 to 0.
It is well believed that in the non-interacting limit,
topological phase transitions cannot occur without clos-
ing the single particle gap. In fact, this is also ap-
plied to the interacting regime when the interaction is
not strong enough to induce an AF order, as what hap-
4pens at the first topological phase transition as discussed
above. However, the second topological phase transition
is quite different: it is not accompanied by the single
particle gap closing. To investigate the features of these
two topological phase transitions, in Fig. 4, we plot the
single particle spectra and the topological Hamiltonian’s
spectra at the stared points indicated in Fig.2. With in-
creasing the Hubbard interaction strength U , before the
AF moment forms, the single particle spectra and the
topological Hamiltonian’s spectra show similar evolution
behavior: their gaps both close at the first topological
transition point. However, after the formation of the AF
moment, their behavior deviates from each other essen-
tially. The single particle spectra exhibit few changes
except that the gap increases linearly while the topolog-
ical Hamiltonian’s spectra quickly develop a divergence
toward the second topological phase transition point.
In general, the single particle self energy Σ(ω,k) can
be decomposed as Σ(ω,k) = Σ1(k) + Σ2(ω,k), where
Σ1(k) is the static part that only renormalizes the band
structure, and Σ2(ω,k) is the dynamical part that comes
from quantum fluctuations. From Eq. 4, it is clear that
the topological Hamiltonian’s spectrum coincides with
the single particle spectrum when only Hartree-Fock dia-
grams are taken into considerations since they only con-
tribute to Σ1(k). However, in a general case, the former
does not represent any quasi-particle spectrum because
of the Σ’s dependency on ω. In Haldane-Hubbard model,
as is previously discussed, we can conclude that the dy-
namical part Σ2(ω,k) varies considerably with respect to
ω around the second topological phase transition point
and diverges at zero frequency at this point. This di-
vergence means the existence of a zero eigenvalue of the
single particle Green’s function and is another kind of
singularity other than poles. This singularity lies in the
Mott gap where the single particle spectral function is
already zero, so we cannot easily extract its information
from the single particle spectrum. The second topologi-
cal phase transition is driven by dynamical effects which
goes beyond the mean field pictures and is associated
with the zeros of the single particle Green’s function.
Between these two topological phase transitions, there
exits a non-magnetic TMI. This phase respects all the
symmetries of the Hamiltonian and its Chern number is
opposite to that of the QAHI it transited from. In the
non-interacting limit, we can construct another QAHI
by merely reversing the sign of the NNN hopping it′
and at first sight this constructed phase has the same
properties with the fore-mentioned TMI: they have equal
Chern numbers. However, these Chern numbers may
have different physical meanings because in the presence
of strong interactions the Chern number does not neces-
sarily represent the Hall conductivity. To clarify whether
these two phases are identical to each other, in Fig. 5,
we plot the single particle spectra calculated by VCA on
an armchair ribbon as is illustrated in Fig. 1(c). In order
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FIG. 5. (color online). Intensity plot of the single particle
spectra calculated on the armchair ribbon illustrated in Fig.
1(c) with (a) U = 0, (b) U = 4.00, (c) U = 4.60, and (d)
U = 5.00. The NNN hopping is fixed at t′ = 0.2.
to completely tiling the strip, a 6-site cluster is used. In
realistic calculations, fifteen clusters are included in the
y direction to form a supercluster and the superclusters
are arranged periodically in the x direction. For illus-
tration, we only show schematically two superclusters in
the y direction in Fig. 1(c). It can be seen that the gap-
less single particle edge states disappear after the bulk
state has transited to the TMI. However, according to
the bulk-edge correspondence, any non-interacting sys-
tem with non-zero Chern numbers should have gapless
single particle edge states. This fact indicates that the
TMI reported here cannot be adiabatically connected to
any non-interacting Chern insulator, so it has no free
counterparts. Our numerical method cannot give more
properties of this phase but it is desirable to consider the
possibility of the fractionalized Chern insulator proposed
by slave-particle mean field theories[19–21]. However, it’s
still an open question to ask whether or not the electrons
are fractionalized in this phase.
In summary, we have shown that there are two succes-
sive topological phase transitions with different features
in the Haldane-Hubbard model with increasing the Hub-
bard interaction strength, of which the first is charac-
terized by the usual single particle gap closing while the
second is associated with the zeros of the single particle
Green’s function and is driven by dynamical effects. Be-
tween these two topological phase transitions there exists
a non-magnetic topological Mott insulator with no gap-
less single particle edge states.
Note added. We find a related work done by Wu et al.
Ref.[35] after the completion of the writing of this paper.
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